In this paper, we present a novel analytical approach for cloaking of dielectric and metallic elliptical cylinders with a graphene monolayer and a nanostructured graphene metasurface at low-terahertz frequencies. The analytical approach is based on the solution of the electromagnetic scattering problem in terms of elliptical waves represented by the radial and angular even and odd Mathieu functions, with the use of sheet impedance boundary conditions at the metasurface. It is shown that scattering cancellation occurs for all incident and observation angles. A special case concerns cloaking of a 2D metallic strip represented by a degenerated ellipse, wherein the focal points of the cloak metasurface correspond to the edges of the strip. The analytical approach has been extended in order to cloak a cluster of elliptical objects for different cases of closely spaced, merging, and overlapping configurations. The results obtained by our analytical approach are validated with full-wave numerical simulations.
Introduction
In recent years, electromagnetic invisibility has caught researchers' attention and interest.
This phenomenon makes it possible to suppress the bistatic scattering width of a given object, independently of the incident and observation angles. Cloaking technology provides various interesting applications such as camouflaging, non-invasive probing [1, 2] , low-interference communications [3, 4] , and imaging, among others. In this regard, different methods have been proposed in order to analyze and design cloak structures such as transformation optics [5] [6] [7] [8] [9] , which is sensitive to tiny perturbations in practice [10] , anomalous resonance method [11] , and transmission-line networks [12] [13] [14] . Another technique to mention is the plasmonic cloaking method [15] which is based on the use of the exotic properties of bulk isotropic low or negative index materials to suppress the 1 Author to whom any correspondence should be addressed. dominant scattering mode of the object to be cloaked [1, 3, [16] [17] [18] [19] [20] .
All the methods mentioned above rely on bulk volumetric metamaterials, which in practice have a thickness comparable to the size of the object to be cloaked, and their realization is not an easy task. Recently, in order to overcome this common drawback, a different cloaking method has been proposed [21] [22] [23] [24] [25] [26] [27] [28] based on the concept of mantle cloaking to make planar, cylindrical, and spherical objects invisible. In this method, an infinitesimally thin metasurface is used to create anti-phase surface currents in order to suppress the dominant electromagnetic scattering mode of a moderately sized object, and thus to make the object invisible to the incoming electromagnetic wave. To implement the technique at microwave frequencies, an analytical model has been presented in [26] , wherein practical cloaks composed of onedimensional (1D) horizontal and vertical metallic strips and two-dimensional (2D) conformal printed (patches, Jerusalem crosses, and cross dipoles) and slotted (meshes, slot-Jerusalem crosses, and slot-cross dipoles) arrays of sub-wavelength periodic elements have been proposed. By properly designing the metasurface, the required average surface reactance is tailored, and thus, a drastic electromagnetic scattering reduction is achieved. However, at higher frequencies such as terahertz (THz), infrared (IR), and optical frequencies, the realization of the mantle cloak metasurface is more difficult due to the increase of losses in metallic elements. In this regard, one of the promising materials to implement the mantle cloaking method at low-THz frequencies is graphene.
Graphene is a single layer of carbon atoms in a honeycomb lattice [29] , which is particularly interesting due to its unique thermal, mechanical, and electrical properties that makes it useful in various electronic and electromagnetic applications [30] [31] [32] [33] [34] . In order to analyze and consider graphene for electromagnetic applications, a model has been proposed for its complex surface conductivity based on the Kubo formula [35] , σ s (ω, µ c , τ, T ) = −je 2 ω + jτ
where −e is the charge of an electron, ω is the radian frequency, is the reduced Planck's constant, f d (ε) = −(e (ε−µ c )/k B T + 1) −1 is the Fermi-Dirac distribution, k B is Boltzmann's constant, T is temperature, ε is the energy, µ c is the chemical potential, and τ is the momentum relaxation time. It should be mentioned that in our calculations it is assumed T = 300 K and τ = 1.5 ps. The first term in (1) is related to the intraband contribution and can be obtained in closed form by [35] 
The second term is related to the interband contribution and in case of k B T |µ c | , ω can be approximated by [35] 
It should be noted that in the low-THz region, up to 15 THz, the intraband contribution dominates the interband contribution; nevertheless we take into account both terms in our calculations. Recently, it has been shown that an atom thick homogeneous graphene monolayer enables a drastic scattering reduction for dielectric planar and cylindrical objects at low-THz frequencies [36] .
In this frequency range, the ultrahigh mobility of graphene monolayer (more than 20 000 cm 2 V −1 S −1 ) [36] makes it possible to achieve a nearly imaginary surface conductivity, and consequently, a lowloss inductive metasurface. However, it should be noted that in case of a metallic cylinder, a capacitive reactance is needed and graphene monolayer cannot be used for cloaking. It has been shown that a metasurface formed by a periodic array of sub-wavelength graphene nanopatches possesses a dual capacitive/inductive surface reactance at lowTHz frequencies [37] . In [38] , this property of graphene nanopatches has been taken into consideration in order to cloak both dielectric and conducting cylindrical objects by properly tuning the surface impedance of graphene metasurface. However, so far, the mantle cloaking method with the use of graphene (and graphene metasurface) has been studied only for symmetric geometries such as dielectric and metallic circular cylinders and spheres.
In this paper, we extend the idea of the mantle cloaking method and the scattering cancellation concept to cloak elliptical structures, which possess non-symmetric geometries unlike circular cylinders, by using confocal and conformal elliptically shaped graphene metasurfaces. It is worth noting that since elliptical cylinders have non-symmetric crosssections, the use of cylindrical metasurfaces of circular crosssection will no longer provide efficient cloaking. In this regard, here we propose a novel analytical approach in order to cloak two-dimensional elliptical objects, including an infinitely long dielectric elliptical cylinder with a graphene monolayer and a metasurface formed by graphene nanopatches; a metallic elliptical cylinder with the same metasurface, and as a special case, a 2D metallic strip with a nanostructured graphene patch array at low-THz frequencies. The novel approach presented in this paper is based on the fact that the electromagnetic scattering cancellation from cloaked elliptical objects and strips is ruled by the elliptical modes that can be formulated and represented by even and odd radial and angular Mathieu functions [39] . We show that the use of confocal and conformal elliptically shaped metasurfaces is indispensable in providing an anti-phase surface current based on the concept of mantle cloaking, and consequently, in order to reduce the dominant elliptical scattering mode. A special case pertains to a 2D metallic strip as a degenerated metallic elliptical cylinder, which can be cloaked by placing the focal points of the metasurface at the edges of the strip. Recently, we have presented one of the applications of cloaking metallic strips at microwave frequencies [40] , in which elliptical cloak metasurfaces formed by periodic arrays of sub-wavelength elements have been utilized in order to reduce the mutual coupling between strip dipole antennas. A similar concept may be used for reducing the destructive mutual coupling between strip antennas at THz frequencies. Besides, closed-form expressions for the optimum surface reactance of metasurfaces have been derived for dielectric and metallic elliptical cylinders under a transverse magnetic (TM) polarized plane-wave incidence in the quasi-static limit. In addition to all mentioned, we extend the idea of cloaking a single elliptical object to multiple elliptical cylinders and strips which form a cluster of closely spaced, intersecting, and merging elliptical objects with a size comparable to the wavelength at the design frequency.
The paper is organized as follows. Section 2 concerns the proposed analytical model for the analysis of cloaking of 2D dielectric and metallic elliptical cylinders, and a metallic strip as a special case. In section 3, we present the numerical results for cloaking of single and multiple elliptical structures. Section 4 is allocated to the conclusions. A time dependence of the form e −jωt is assumed and suppressed.
Formulation of the scattering problem
Here, we present the mathematical formulation to analyze the scattering problem for the cases of a dielectric elliptical cylinder covered with a graphene monolayer ( figure 1(a) ) and a nanostructured graphene metasurface (figure 1(b)); a metallic elliptical cylinder coated with the same nanostructured graphene metasurface (figure 1(c)) and a 2D strip covered by an elliptically shaped dielectric spacer and a metasurface ( figure 1(d) ). The analysis of the problem is based on the method of separation of variables to solve the 2D wave equation in the elliptical coordinates (u, v, z) , and consequently, to solve the well-known angular and radial Mathieu equations. It should be mentioned that the solution provided here is related to the case of an infinitely long elliptical metallic cylinder covered by a metasurface (the scattering problems for other structures shown in figure 1 are omitted for the sake of brevity). Then, we express the incident, scattered, and transmitted electric and magnetic fields in terms of even and odd angular and radial Mathieu functions in the elliptical coordinates. In this regard, the incident electric field, which is related to the free-space region u > u 0 (u 0 = tanh (−1) (b 0 /a 0 )) can be represented as follows [41] :
where J pm (q 0 , u, n) is the radial Mathieu function of the first kind, S pm (q 0 , v, n) is the angular Mathieu function, N pm (q 0 , n) is the normalization constant, u is the radial parameter, v is the angular parameter, and q 0 = k 2 0 F 2 /4 (k 0 is the wave number in free space and F is the focus of the ellipse or strip). The scattered electric field pertained to the region u > u 0 can be written as:
where H (1) pm (q 0 , u, n) is the radial Mathieu function of the third kind, which indicates the outgoing wave, and a (n) pm are the unknown coefficients to be determined. Similarly, the transmitted electric field inside the dielectric spacer u 1 < u < u 0 can be expressed as:
where Y pm (q 0 , u, n) is the radial Mathieu function of the second kind, b (n) pm and c (n) pm are the unknown transmitted field expansion coefficients, and
is the wave number in the dielectric spacer). It should be noted that p and m denote either even or odd functions.
The incident, scattered, and transmitted magnetic fields can be obtained by using Maxwell equations as follows:
where h = F cosh 2 u − cos 2 v is the scalar factor in the elliptical coordinate system. It should be noted that the prime indicates the derivative of the functions with respect to the variable u.
The unknown coefficients in (5) and (6) can be determined by imposing the boundary condition at u 1 = tanh
, which is the surface of the metallic elliptical cylinder (u 1 = 0 for the strip case), the boundary conditions at the metasurface, and also, by applying the orthogonality property of angular Mathieu functions. It should be mentioned that the tangential components of the electric fields are continuous across the metasurface while the use of an impedance surface results in the discontinuity of the tangential components of magnetic fields (H tan v ). Hence, the boundary conditions can be written as: where Z s is the surface impedance of the metasurface. The bistatic scattering width can be reduced drastically for all the incident angles by choosing an appropriate value for Z s . For a metasurface realized by nanostructured graphene patch array, as shown in figure 1 , the surface impedance can be expressed as [37] :
where σ s is the complex surface conductivity of graphene calculated using the Kubo formula (1), with the analytical representations for the intraband and interband contributions as shown in (2) and (3), respectively, R s is the surface resistance per unit cell related to the conduction losses, and X s is the surface reactance per unit cell; D and g are the periodicity and gap size, respectively, ε r is the relative permittivity of the dielectric elliptical cylinder or the spacer for the conducting elliptical cylinder. The first term in (9) accounts for the kinetic inductance and resistance per unit cell of graphene nanopatches, and the second term corresponds to the capacitance of graphene patch array. The scattering unknown coefficients have been determined by applying the boundary conditions mentioned above and solving the matrix equation presented in Appendix A. Then, the bistatic scattering width (σ 2D ) for a TM-polarized plane-wave excitation can be obtained by using the asymptotic form of the radial Mathieu function of the third kind at the desired frequency as follows:
(10) Also, the total scattering width as a quantitative measure of the overall visibility of the object can be obtained by taking the average of the bistatic scattering width with respect to the observation angle (v) as follows:
Now, in order to be able to reduce the scattering cross-section of any given elliptical object drastically at the desired frequency, we present the closed-form conditions for both dielectric and metallic elliptical cylinders. These conditions have been obtained by setting the coefficients a (n) pm to zero. It is also informative to analyze how the cloaking condition can be expressed in the quasi-static limit, for which q 0 , q 1 1. In this case, the required optimum surface reactance to cloak dielectric elliptical cylinders shown in figure 1(a) or (b) for a TM-polarized plane-wave incidence has been derived as:
For a metallic elliptical cylinder with a relatively thin dielectric spacer and permittivity ε r , the closed-form required optimum surface reactance in the quasi-static limit has been obtained as:
It should be mentioned that by appropriately balancing the capacitance of the patch array and the kinetic inductance of graphene, the same elliptically shaped metasurface formed by graphene nanopatches can be utilized in order to meet both required surface reactances, and consequently, cloak both dielectric and metallic elliptical cylinders at low-THz frequencies.
The optimum required surface reactances for the dielectric and metallic elliptical cylinders and the strips shown in figure 1 , calculated based on (12) and (13) are plotted versus frequency in figure 2. The detailed values for the parameters of each geometry at the design frequency f = 3 THz are provided in section 3. Also, the frequency dispersion of the surface reactance for each cloak metasurface including (i) a graphene monolayer with µ c = 0.6158 eV, (ii) a graphene-nanopatch metasurface with µ c = 0.2672 eV, D = 5.064 µm, and g = 0.524 µm, (iii) the same metasurface with µ c = 0.55 eV, and (iv) a metasurface formed by graphene nanopatches with µ c = 0.9 eV, D = 5.29 µm, and g = 0.6 µm, is depicted in figure 2. It clearly shows that how the optimum surface reactance required for cloaking of each structure can be realized by tuning the parameters of the respective metasurface. It is also worth noting that the dual capacitive/inductive behavior of the array of graphene nanopatches makes it possible to use the same elliptically shaped metasurface in order to cloak both dielectric and conducting elliptical cylinders.
Results and discussions
In this section, we consider several elliptical objects cloaked by confocal elliptically shaped metasurfaces in order to present the applicability and effectiveness of the proposed analytical approach. The cloaking is studied for single elliptical objects, and then the cases of multiple objects and clusters are presented. The results of our analytical approach are compared and confirmed by full-wave numerical simulations with CST Microwave Studio [42] .
Cloaking of elliptical cylinders and strips

Dielectric elliptical cylinder cloaked by a graphene
monolayer. In order to reduce the electromagnetic scattering from a dielectric cylinder, it was shown that a mantle cloak with inductive surface reactance is required [36] . Following the idea and due to the fact that a single atom thick graphene monolayer provides an inductive reactance at low-THz frequencies, a dielectric elliptical cylinder can be cloaked once the required surface reactance is found and by choosing appropriate parameters for the graphene monolayer. In this regard, for a given infinitely long dielectric elliptical cylinder shown in figure 1(a) with the relative permittivity ε r = 4 (silicon dioxide), a 0 = 12.5 µm (λ 0 /8), b 0 = 10 µm (λ 0 /10), the required surface reactance is found to be X s = 260 based on (12) with µ c = 0.6158 eV for the design frequency of f = 3 THz. To visualize this scattering reduction, the bistatic scattering widths for both uncloaked (with no cover) and cloaked (covered by the graphene monolayer) cases with different angles of incidence (ϕ) are shown in figure 3 (a). In figure 3(b) , the polar representation of the bistatic scattering width obtained by analytical and fullwave simulation results is shown for ϕ = 45
• . Also, the total scattering width, as a quantitative measure of its overall visibility for all observation angles, is shown in figure 4 with respect to the incident angle of ϕ = 45
• . The analytical results are validated by using numerical fullwave simulations obtained with CST Microwave Studio. In addition, figure 5 (movie 1 in the online supplementary data, available at stacks.iop.org/JPCM/27/185304/mmedia) illustrates the snapshots of electric field distributions for both cloaked and uncloaked cases with ϕ = 45
• . It can be clearly observed that in the absence of the graphene monolayer the electric field distribution is intensely disturbed while in case of its presence the electric field distribution is uniform, which indicates that the object does not exist seemingly in the electromagnetic field.
Dielectric elliptical cylinder cloaked by a metasurface.
Here, we consider the same dielectric elliptical cylinder, however, instead of a graphene monolayer we employ a cloak metasurface formed by an array of graphene nanopatches. As mentioned in section 3.1.1, the required surface reactance is X s = 260 at the design frequency of f = 3 THz. In order to realize the metasurface, according to (9) , the parameters of the graphene-nanopatch metasurface are found: D = 5.064 µm, g = 0.524 µm, and µ c = 0.2672 eV. It should be noted that the graphene-nanopatch metasurface requires a Figure 5 . Snapshots of the electric field distribution for uncloaked and cloaked (with graphene monolayer) infinitely long dielectric elliptical cylinder illuminated by a TM-polarized plane wave at normal incidence with ϕ = 45
• . chemical potential much lower than that of the uniform graphene monolayer discussed in section 3.1.1. The polar representations of the bistatic scattering width of the structure for both uncloaked and cloaked cases are plotted in figure 6 with the incident angles of ϕ = 0
• , and ϕ = 90 • , respectively. The figure illustrates that the bistatic scattering width of the dielectric elliptical cylinder is reduced remarkably for all the incident and observation angles. Also, the calculated and simulated total scattering widths of the object with ϕ = 90
• are shown in figure 7 . The analytical results agree well with the full-wave simulation results, confirming a drastic reduction of the total scattering width. In addition, as shown in figure 8 (movie 2 in the online supplementary data stacks.iop.org/JPCM/27/185304/mmedia), it can be clearly seen that the wavefronts of the electric field are restored by wrapping the suitable graphene metasurface around the object, while in the absence of the mantle cloak, the electric field is strongly disturbed. 
Metallic elliptical cylinder.
Consider the metallic elliptical rod shown in figure 1(c) , with the dimensions a 1 = 10.04 µm(λ 0 /9.96), b 1 = 6.67 µm(λ 0 /15), a 0 = 12.5 µm(λ 0 /8), b 0 = 10 µm(λ 0 /10), and the dielectric spacer with relative permittivity ε r = 4 (silicon dioxide). As it is mentioned above, a capacitive reactance is required for cloaking the metallic ellipse. In this regard, the same metasurface mentioned in section 3.1.2 is considered. Here, the chemical potential is set to µ c = 0.55 eV in order to realize the required surface reactance of X s = −83.45 based on the optimum surface reactance provided in (13) . The total scattering width of this cloak design is illustrated in figure 9 , which confirms that the scattering width is significantly reduced at the design frequency of f = 3 THz for different incident angles. Also, the analytical and fullwave results of the total scattering widths for a TM-polarized plane-wave incidence with ϕ = 0
• are shown in figure 10 . The snapshots of the electric field and the vector power-flow distributions are shown in figure 11 (movie 3 in the online supplementary data stacks.iop.org/JPCM/27/185304/mmedia) for cloaked and uncloaked cases illustrating the effective cloaking, which illustrates how the presence of the metasurface resolves the perturbation of the electric field and the power. depicts the far-field scattering pattern of the metallic strip on the same scale for uncloaked and cloaked cases.
Cloaking a cluster of elliptical objects
Following our analytical approach discussed in the previous section to cloak various single dielectric and conducting objects at low-THz frequencies, here we extend the idea and present the cloaking of multiple elliptical objects which form a cluster. It has been shown in [43] that plasmonic covers may cloak multiple impenetrable spherical objects. However, the proposed cover is made of a material with a combination of plasmonic properties and with a magnetic permeability higher than that of the free space (µ = 5.1 µ 0 ), which is difficult to realize in practice. As shown in section 3.1.1, an ultrathin uniform graphene monolayer can be used to reduce the total scattering width of a dielectric elliptical cylinder more than 17 dB. Regarding this very low scattering cross-section and considering the fact that no higher order modes exist in case of using a graphene monolayer, we expect to be able to reduce the scattering width of a cluster of several dielectric elliptical cylinders even if they are located very close to each other. Similarly, the cloak metasurface can lower the coupling between metallic strips, and thus, reduce the scattering cross-section of metallic strips.
Cluster of dielectric elliptical cylinders cloaked by a graphene monolayer.
Based on the design presented in section 3.1.1 for the cloaking of a single dielectric elliptical cylinder covered by a graphene monolayer, here, we consider different cases of closely spaced, merging, and overlapping configurations. First, we consider two touching ( figure 16(b) ) and two overlapping ( figure 16(c) ) dielectric elliptical cylinders. The total lengths of the structures are l = 50 µm (λ 0 /2) and l = 48 µm (λ 0 /2.083), respectively. The full-wave simulation results for the total radar cross-section (RCS) of these configurations are plotted versus frequency in figure 16(a) . It can be clearly seen that the minimum scattering width is achieved for two touching dielectric elliptical cylinders at f = 3 THz, the same frequency as the case of a single one. The simulation results show that although the structures are touching, each graphene monolayer cloaks its respective ellipse at the same frequency of f = 3 THz as if they were separated, and no singular or nonlocal behavior of electromagnetic field is observed. In case of two overlapping ellipses, it is observed that the scattering cross-section is reduced drastically at a frequency less than the desired cloaking frequency. It implies that due to merging the ellipses, the optimum required surface reactance is not the same as for a single ellipse. This frequency shift can be compensated easily by modifying the chemical potential of the graphene monolayer. In figure 16 (d) (movie 5 in the online supplementary data stacks.iop.org/JPCM/27/185304/mmedia), the snapshots of the electric field distribution are shown with respect to f = 2.8 THz for the two overlapping elliptical cylinders. It clearly presents the invisibility of the given object in front of the incoming TM-polarized plane wave. Now, we consider the case of a cluster formed by several dielectric elliptical cylinders with four and nine ellipses shown in figure 17(b) and (c), respectively. It should be mentioned that despite the large size of the whole cluster, due to the negligible coupling among elements, the metasurface used for cloaking of a single ellipse can be employed again with no change in its parameters to reduce the scattering width at the same frequency of f = 3 THz, as illustrated in figure 17(a) . In order to clarify further, the time snapshots of the electric field distribution in the x-y plane are shown in figure 17(d) (movie 6 in the online supplementary data stacks.iop.org/JPCM/27/185304/mmedia) for nine ellipses. It can be observed that the presence of the metasurface formed by a uniform graphene monolayer (designed individually for each dielectric elliptical cylinder) plays an important role in restoring the wavefronts of the electric field, and thus, making the whole cluster invisible. Also, the vector powerflow distribution is shown in figure 17(e) for the cloaked and uncloaked cluster of nine ellipses confirming the effective cloaking.
Also, we have studied a chain of six overlapping infinitely long dielectric elliptical cylinders with the total length of l = 140 µm (1.4 λ 0 ) at f = 3 THz as shown in figure 18(b) . Here, the total RCS is minimized at f = 2.8 THz as depicted in figure 18(a) . It implies that the graphene monolayer wrapped around the surface of this chain is able to provide cloaking for each elliptical cylinder individually, and consequently, can lower the scattering crosssection of the whole chain. To provide further clarification, the snapshots of the electric field distribution are shown in figure 18(c) (movie 7 in the online supplementary data stacks.iop.org/JPCM/27/185304/mmedia), and also, the vector power-flow of the TM-polarized plane wave with ϕ = 45
• is illustrated in figure 18(d) . It can be observed that unlike the uncloaked case, in which the chain scatters most of the impinging power to all directions, the tunneling of the plane wave takes place through the chain with a uniform power distribution. Figure 18 (e) depicts the far-field scattering patterns of the whole structure for the uncloaked and cloaked cases on the same scale, showing a remarkable reduction of RCS for all observation angles.
Metallic strips cloaked by a nanostructured graphene metasurface.
In this section, we present a study of cloaking two metallic strips for the different cases of horizontally spaced, vertically spaced, overlapped spacers, and connected. The parameters of each elliptically shaped cloak metasurface are the same as the ones used previously to cloak the single metallic strip mentioned in section 3.1.4. Figure 19 (a) presents the full-wave simulation results of the . It can be observed that, in the absence of the cloak metasurface, the power is scattered in different directions which can be sensed easily by any bistatic sensor. However, when the graphene-nanopatch metasurface is employed, the power distribution is uniform in the direction of excitation, which indicates that the whole structure is hidden from the incoming plane wave. It is worth noting that to have the cloaking behavior exactly at the desired frequency, the cloak structures should be separated at least one period (D) [27] . Here in our case, the metasurfaces are touching, which results only in a slight frequency shift for the minimum scattering of the whole structure obtained at the frequency of f = 2.95 THz. Also, for the metallic strips located vertically to each other ( figure 19(c) ), the far-field scattering patterns of the structure are shown in figure 19 (e) for both uncloaked and cloaked cases on the same scale with the incident angle of ϕ = 45
• (with respect to the x axis). As shown, the RCS is decreased significantly, thereby hiding the metallic strips from the incoming wave and achieving the desired transparency.
Here, in order to explain the availability of generalizing the cloaking of a single metallic strip to other scenarios, we consider two other cases shown in figures 20(b) and (c). It should be noted that the geometric parameters of the metasurface and the chemical potential of graphene are the same as the ones mentioned in section 3.1.4. Figure 20(a) shows the total RCS of these structures versus frequency. The figure conveys the fact that the cloak cover lowers the scattering cross-section of the structure in figure 20(b) remarkably again at f = 3 THz until the strips are not united as a wider strip. It is worth noting that if the same cloak metasurface is used in case of two connected strips, the cloaking frequency will be slightly shifted from f = 3 THz to f = 2.8 THz, which can In addition to all mentioned above, as an interesting consequence, it should be stressed that the use of the proposed cloak structure formed by the overlapping spacers and two joint elliptically shaped metasurfaces, opens up the possibility of cloaking wider metallic strips (for example, here, the total width is equal to l = 30 µm (λ 0 /3.33)). Hence, the overlapping elliptical metasurfaces outperform the use of one single cloak metasurface in terms of cloaking larger strips.
Conclusion
In this paper, we have proposed a novel analytical approach in order to cloak dielectric and metallic elliptical cylinders and metallic strips realized by conformal and confocal elliptically shaped cloak metasurfaces, including a graphene monolayer and a nanostructured graphene patch array at lowterahertz frequencies. The analytical approach is based on the solution of the scattering problem in terms of elliptical waves represented by the radial and angular Mathieu functions, with the use of sheet impedance boundary conditions at the metasurface. It is shown that scattering cancellation can be achieved for all incident and observation angles. The idea has been also extended in order to cloak a cluster of elliptical objects for different cases of dielectric elliptical cylinders and metallic strips. This provides more possibility for cloaking larger dielectric objects and wider metallic strips. It should be noted that the prime indicates the derivative of the functions with respect to the variable u. Then, we multiply both sides in (A.5) and (A.6) by the Mathieu angular function S pm (q 0 , v, n) and use the orthogonality relations of angular Mathieu functions in order to obtain three independent equations by considering the normalization and correlation factors provided in [44] as below: 
